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Find the characteristic polynomial of A : DAY jpeal) ygasdt ,.u! )},99\ (1

b JS _aobind &8 py 35 S A Sogaonl) Guili) med) g1 (2

Find the eigenvalues of matriz A, and then determine the multiplicity of each eigenvalue.

Determine the sub-eigen-vectorial spaces Gu3lid) Gus i) Gus il Ve boad) 4 (3

The matriz A is diagonalizable to M3(R)?

AR s pal) D b podd) bogaall g P bogoall g1 (5

Find the matriz P and the diagonal matriz D that accompanies it.

(ble5 3) : 2 o3 ad
Let the matrix Edainol! Jl:!

wed &y D el B Sogaoel) —glbe —ans-|

Calculate the inverse of matriz B using the Gauss-Jordan elimination method.
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Calculate the following integrals by integration by parts: e SHL _—}l.om\ AFUST s
1) /arcsinx dz, 2) /xQGxdx.
Knowing that ol Wle
: / 1
(arcsin(x)) =

V1—2?2
(o5 5) 4 3 ped

Let the differential equation Sabola! &1l \;1/:.3
d
9 ya® = a5y’
dx

Prove that it is a Bernoulli equation. SPp e W1 st (1

Find its solutions. \Rgls- )&.—99\ (2
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1 @) O pald| o2

Let OSd

42 gaine 3450 i PTIAP Cos P 42 gaiadtl (o G @8 M3(R) 2 pdaaild alild A O codld
a3
Let’s prove that A is diagonalizable to .#3(R) and then find the matrix P where P7*AP is a

diagonal matrix.

A et 3 guond| i Ol oo (1
We start by calculating the characteristic polynomial of A :

1-X 0 0
PiX)=det(A-XL)=| 0 1-X 0 |=01-X)7>2-X)
1 -1 2-X
x50 2 gm(l) = 2 caclial dx jin 1 Al @stl Sae ¥l o8 jieedl 3 gustl yds gl (2

m(2) =1 caelatt
The roots of the characteristic polynomial are the real numbers 1 with a multiple of

m(1) = 2 and 2 with a multiple of m(2) = 1.
ASIA A8 pmt) e laddl Sleladll sasit (3
Let’s define the sub-eigen-vectorial spaces
1 Adelinodl AGIAN ekl SIAN S ol peladdl slaall By St (A
Let F; be the sub-eigen-vectorial space of the doubled eigenvalue 1 :

Ei=Ker(A-L)={XeR*|A- X =X}.

If we put L g 13)

S
I
/N
ne 8
N—
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then: Dddag
r=2
Xekb <= AX =X Y=y — x—y+z=0
r—y+z2=0

E1={<m, Y, y—x>|x€R,y€R}

bl Jsiad Xy = (?) 5 X, = (_61) A ¥ e Jliedl Jiew ole ot gadl (6 gned|
The generated plane for example from the vectors X; = ( (1)1> and X, = < ?) forms a

basis.
D2 Ao d) AGIAN 2erald 331 yod) SN B Gl Leladdl sliaal By (S (B

Let E5 be the sub-eigen-vectorial space associated with the simple eigenvalue 2 :
Ey=Ker(A-2)={X R’ | A- X =2X}.
then D dle g

T =2
Xeb <— A - X=2X «— Yy =2y < r=0 and y=0
T—y+2z=2z

.uwmdsﬁe,X?,:@) %,stmﬁm,@@:{(g) |z€]R}
Ey, = {(8) | z € R} he is straight with vector beam X3 = <§> and forms the basis

for it.
gt Al yoll I @uAl) Cacliad Aoyt A glee ASIAI A jaud) Ao laddl Olsbiadll slasi (3
The dimensions of the sub-eigen-vectorial spaces are equal to the degree of multiplication

of their associated eigenvalues:
dim Fy =2 =m(1), dimFEy =1=m(2).

Because Of Le (4
dim £y =2 =m(1), dimEy, =1=m(2).

udadily AL A 42 gawmall Ola

So the matrix A is diagonalizable.
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In the base (X7, Xs, X3), the endomorphism represented by the matrix A (in the canonical

basis) has the matrix:

1 00

D = 010

00 2
:Lﬁiﬁsﬂi“’.‘.ﬂngchxl@n—\-ﬁ-ﬂi:\_ﬂ.&i‘;m‘)w‘%}mP&t‘éﬁ‘&)ﬁbih@.}

In other words, we put P the transit matrix whose column vectors are X;, Xy and X3 in

order, i.e.:
1 00
P=10 101,
-1 11
then, P~'AP = D. PIAP =D aie g

2 a2y o gl S

IB%M‘WW«T’M&}éZ\%)L

The Gauss-Jordan elimination method to calculate the inverse of matrix B:

e pudin Bus 9| A8 ganey B 5 ) jacdl 48 gaindll i1 5 glastl

Step 1: Augment the matrix B with an identity matrix of the same size:

A ganall 1) Aaliagl) 48 gain el (o ,un W COlondl (o g ol Oldee Hai 12 5 glaset)
IEE N
Step 2: Perform row operations to transform the left side of the augmented matrix into the

identity matrix:

2111 0/ L



4/6

So de g

1 010 1 Ly
01 1 -2 LQ%LQ_le

B b gainell o gSaedl NI g2 A8Liaell 4B gaiaoll aa¥WI Coldl 3 5 glasatl

Step 3: The right side of the augmented matrix is now the inverse of matrix B:

Bl 0 1
1 -2
3 @) o3 el Jbr
To calculate the integral Sl Gl (1

/ arcsin x dx

to finds a primitive function of the arcsin(x) function

arcsin(z) adlaly Adooi Al sload

W'(2) =1 gu(z) = arcsin(r) puad oo sl JS& (o Lglasd
we make it in the form of a product, we put u(x) = arcsin(z) and o'(z) = 1,
— ! -t &
) 4U($)—I3U<x)—m\.¢fﬂ%
where we have v/(z) = —— and v(z) = =,
0= o
i 45 ol AL s (a3
then we use the integration by parts formula we find:
[1-ussin)ds = arcsin) - [ L
-arcsin(z)dr = [rarcsin(z)| — [ ——=dz
1 —a?
= [rarcsin(x)] — [—\/ 1- ;1:2]

= xarcsin(z) + V1 —22+c.

To calculate the integral Sl Gl (2

/x2exdx.

V(1) = e gu(r) =1 aual
we put u(x) = z? and v/'(z) = €”.

u(r) Al 2aTaed) ANl oo U/ (z) = 22 A O @dad
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We know that the function u/(z) = 2z is the derivative of u(x)
() WAL Ao ¥ AN s v(z) = e W
and v(x) = e” is the primitive function of v'(x)
i 45 I JalSIN Hhes JLeauls 5

and by using the integration by parts formula we find:

/x2ex dr = [x2e‘”] — 2/xe‘” dx

T Adslead) Of gluned! (o AL £ 3l e AGLD 3 pold A5 3nilly JolSA s
Re-integrating by parts for the second time on the second part of the previous equations,

we find:

/31;6‘E dr = [xe”] —/ew de = (x — 1)e" + ¢,

Finally we find A Y 2
/xQG“ dr = (2* — 22 4+ 2)e” + c.

4y o el fp

Let the differential equation Adoslaid Walasdt s (1

d
oy ya® = 2ty
dz

n=T9Q(r)=1" g P(x) =1° g0 45 j2 Wslan a
It is a Bernoulli equation with P(z) = 25 Q(x) = 2° and n = 7.

dy

Lt Pla)y = Qaly”

lodn galtl Aan ybo Jealiawdd (Aalaodl d (2

Solve the equation, we use the substitution method:

In terms of y that is: ledaas y 6 yleas

@ ) ety §15

Differentiate y with respect to x:

dy _ =1 _zjedu
dx 6 dx
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Aol Walasd) Loy g (o s

Substitute Z—g and y into the original equation

-1 d
Fu—wﬁé 4Byl By, T/6
Multiply all terms by —6u7/6 —6u/" 2 A LY s o yuias
d
N S = —64”,
dx

Lol S Walae O Lowd

We now have an equation we can hopefully solve.
DS e Adolatd) Walaoly alall Joti

The general solution of the differential equation is of the form:

u(z) = eI ( / 00 (2) dr + c>

where : D G

SO ae g

u(r) = e~ 52 (/ e5%° (—6:105) dz + C)
= e_%IG <—6e%x6 + C>

= ce_%f"’6 -6
we have VY
~1/6
yz) = uw=  yl) = (ce_%”6 - 6)

and c is a constant. CCaldaae c g





