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(ªAq� 7) : 1 �§rm�

Let �kt�

A =


1 0 0

0 1 0

1 −1 2

 .

Find the characteristic polynomial of A : : A þ� zymm��  ¤d��� ry�� d�¤� (1

.Tmy� �� ��AS� T�C  d� �� A T�wfOml� Ty��@�� �yq�� d�¤� (2

Find the eigenvalues of matrix A, and then determine the multiplicity of each eigenvalue.

Determine the sub-eigen-vectorial spaces Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  d� (3

. M3(R) ¨� ryWqtl� Tl�A� A T�wfOm�� �¡ (4

The matrix A is diagonalizable to M3(R)?

.Ah� Tq��rm�� D T§rWq�� T�wfOm�� ¤ P T�wfOm�� d�¤� (5

Find the matrix P and the diagonal matrix D that accompanies it.

(ªAq� 3) : 2 �§rm�

Let the matrix T�wfOm�� �kt�

B =

2 1

1 0


Qw� Tq§rV �Am`tFA� B T�wfOm�� 
wlq� 	s��

Calculate the inverse of matrix B using the Gauss-Jordan elimination method.



�yl�t�� : ¨�A��� ºz���

( ªAq� 5) : 3 �§rm�

Calculate the following integrals by integration by parts: : Ty�At�� �®�Akt�� T¶z�t�A� 	s��

1)

∫
arcsinx dx, 2)

∫
x2exdx.

Knowing that  � Aml�

(arcsin(x))′ =
1√

1− x2
.

( ªAq� 5) : 4 �§rm�

Let the differential equation TylRAft�� T� A`m�� �kt�

dy

dx
+ yx5 = x5y7

Prove that it is a Bernoulli equation. ¨�w�r� T� A`� Ah�� 
b�� (1

Find its solutions. .Ah�wl� d�¤� (2



¨�A��� ¨F�dsl�  A�t�³� ��

1 ��C �§rmt�� �þþ�

Let �kt�

A =


1 0 0

0 1 0

1 −1 2

 .

T�wfO�  wk� Yt� P−1AP �y� P T�wfOm�� �� ��b� �� M3(R) ¨� ryWqtl� Tl�A� A  � 
b�n�

.T§rW�

Let’s prove that A is diagonalizable to M3(R) and then find the matrix P where P−1AP is a

diagonal matrix.

: A þ� zymm��  ¤d��� ry�� 
As�� �db� (1

We start by calculating the characteristic polynomial of A :

PA(X) = det(A−XI3) =

∣∣∣∣∣∣∣∣
1−X 0 0

0 1−X 0

1 −1 2−X

∣∣∣∣∣∣∣∣ = (1−X)2(2−X)

T�C 2 ¤ m(1) = 2 ��AS� T�Cd� 1 Tyqyq���  �d�±� ¨¡ zymm��  ¤d��� ry�� C¤@� (2

.m(2) = 1 ��ASt��

The roots of the characteristic polynomial are the real numbers 1 with a multiple of

m(1) = 2 and 2 with a multiple of m(2) = 1.

Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  d�n� (3

Let’s define the sub-eigen-vectorial spaces

: 1 Tf�ASm�� Ty��@�� Tmyql� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� E1 �ky� (A

Let E1 be the sub-eigen-vectorial space of the doubled eigenvalue 1 :

E1 = Ker(A− I3) = {X ∈ R3 | A ·X = X}.

If we put An`R¤ �Ð�

X =
(

x
y
z

)
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then: : ¢n�¤

X ∈ E1 ⇐⇒ AX = X ⇐⇒


x = x

y = y

x− y + z = 0

⇐⇒ x− y + z = 0

E1 =
{(

x, y, y − x
)
| x ∈ R, y ∈ R

}
.xAF� �kK� X2 =

(
0
1
1

)
¤ X1 =

(
1
0
−1

)
T`J±� �� �A�m�� �ybF Yl� d�wm�� ©wtsm��

The generated plane for example from the vectors X1 =
(

1
0
−1

)
and X2 =

(
0
1
1

)
forms a

basis.

: 2 TWysb�� Ty��@�� Tmyql� ���rm�� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� E2 �ky� (B

Let E2 be the sub-eigen-vectorial space associated with the simple eigenvalue 2 :

E2 = Ker(A− 2I3) = {X ∈ R3 | A ·X = 2X}.

then : ¢n�¤

X ∈ E2 ⇐⇒ A ·X = 2X ⇐⇒


x = 2x

y = 2y

x− y + 2z = 2z

⇐⇒ x = 0 and y = 0

.¢� xAF� �kK§ ¤ X3 =
(

0
0
1

)
¢hy�w� �A`J �yqts� w¡ E2 =

{(
0
0
z

)
| z ∈ R

}
E2 =

{(
0
0
z

)
| z ∈ R

}
he is straight with vector beam X3 =

(
0
0
1

)
and forms the basis

for it.

:Ah� Tq��rm�� Ty��@�� �yq�� ��AS� T�Cd� T§¤As� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  A`�� (3

The dimensions of the sub-eigen-vectorial spaces are equal to the degree of multiplication

of their associated eigenvalues:

dimE1 = 2 = m(1), dimE2 = 1 = m(2).

Because  � Am� (4

dimE1 = 2 = m(1), dimE2 = 1 = m(2).

.ryWqtl� Tl�A� A T�wfOm��  ��

So the matrix A is diagonalizable.
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¢� (¨�w�Aq�� xAF±� ¨�) A T�wfOm�A� ��mm�� ¨��@�� ��AKt�� ,(X1, X2, X3) xAF±� ¨� (5

:T�wfOm��

In the base (X1, X2, X3), the endomorphism represented by the matrix A (in the canonical

basis) has the matrix:

D =


1 0 0

0 1 0

0 0 2

 .

:©� 	y�rt�� Yl� X3 ¤ X2 ,X1 Ah�dm�� T`J� ¨t�� Cwb`�� T�wfO� P �S� ,«r�� TfO�

In other words, we put P the transit matrix whose column vectors are X1, X2 and X3 in

order, i.e.:

P =


1 0 0

0 1 0

−1 1 1

 ,

then, P−1AP = D. .P−1AP = D ¢n�¤

2 ��C �§rmt�� �þþ�

:B T�wfOm�� xwk`� 
As�� Qw� Tq§rV

The Gauss-Jordan elimination method to calculate the inverse of matrix B:

����� Hfn� ­d�w�� T�wfOm� B ­Ez`m�� T�wfOm�� :1 ­wW���

Step 1: Augment the matrix B with an identity matrix of the same size: 2 1

1 0

∣∣∣∣∣∣ 1 0

0 1


T�wfOm�� Y�� T�ASm�� T�wfOm�� �� rs§±� 	�A��� �§w�t� �O�� �Aylm� @yfn� :2 ­wW���

.­d�w��

Step 2: Perform row operations to transform the left side of the augmented matrix into the

identity matrix:

 1 0

2 1

∣∣∣∣∣∣ 0 1

1 0

 L1

L2
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So ¢n�¤ 1 0

0 1

∣∣∣∣∣∣ 0 1

1 −2

 L1

L2 ←− L2 − 2L1

.B T�wfOml� xwk`m��  µ� w¡ T�ASm�� T�wfOml� �m§±� 	�A��� :3 ­wW���

Step 3: The right side of the augmented matrix is now the inverse of matrix B:

B−1 =

 0 1

1 −2


3 ��C �§rmt�� �þþ�

To calculate the integral ��Akt�� 
As�� (1∫
arcsinx dx

arcsin(x) T��dl� Tyl}� T��  A�§³

to finds a primitive function of the arcsin(x) function

,v′(x) = 1 ¤ u(x) = arcsin(x) �S� �y� º�d� �kJ �� Ahl`��

we make it in the form of a product, we put u(x) = arcsin(x) and v′(x) = 1,

,v(x) = x ¤ u′(x) =
1√

1− x2
An§d� �y�

where we have u′(x) =
1√

1− x2
and v(x) = x,

d�n� T¶z��A� ��Akt�� T�y} �bW� ��

then we use the integration by parts formula we find:∫
1 · arcsin(x)dx = [x arcsin(x)]−

∫
x√

1− x2
dx

= [x arcsin(x)]−
[
−
√
1− x2

]
= x arcsin(x) +

√
1− x2 + c.

To calculate the integral ��Akt�� 
As� (2∫
x2exdx.

.v′(x) = ex ¤ u(x) = x2
�S�

we put u(x) = x2 and v′(x) = ex.

u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 2x T��d��  � �l`�
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We know that the function u′(x) = 2x is the derivative of u(x)

v′(x) T��dl� Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤

and v(x) = ex is the primitive function of v′(x)

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤

and by using the integration by parts formula we find:∫
x2ex dx =

[
x2ex

]
− 2

∫
xex dx

:d�� Tq�As�� ��¤Asm�� �� ¨�A��� ºz��� Yl� Ty�A��� ­rml� T¶z�t�A� ��Akt�� dy`�

Re-integrating by parts for the second time on the second part of the previous equations,

we find: ∫
xex dx = [xex]−

∫
ex dx = (x− 1)ex + c,

Finally we find d�� ry�±� ¨�∫
x2ex dx = (x2 − 2x+ 2)ex + c.

4 ��C �§rmt�� �þþ�

Let the differential equation TylRAft�� T� A`m�� �kt� (1

dy

dx
+ yx5 = x5y7

. n = 7 ¤ Q(x) = x5
¤ P (x) = x5

�� ¨�w�r� T� A`� ¨¡

It is a Bernoulli equation with P (x) = x5, Q(x) = x5, and n = 7.

:{§w`t�� Tq§rV �m`tsn� ,T� A`m�� �� (2

Solve the equation, we use the substitution method:

u = y1−n = y−6

In terms of y that is: :AnyW`� y ­CAb`�

y = u−1/6

:x Y�� Tbsn�A� y �tK�

Differentiate y with respect to x:

dy

dx
=
−1
6
u−7/6du

dx
.
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dy

dx
+ P (x)y = Q(x)yn



Tyl}±� T� A`m�� ¨� y ¤
dy
dx

|w`�

Substitute dy
dx

and y into the original equation

−1
6
u−7/6du

dx
+ x5u−1/6 = x5u−7/6

Multiply all terms by −6u7/6 −6u7/6
¨� ��rV±� �� 
rS�

du

dx
+ x5u = −6x5.

.Ahl� �km§ T� A`�  µ� An§d�

We now have an equation we can hopefully solve.

: �kK�� �� TylRAft�� T� A`ml� �A`�� ����

The general solution of the differential equation is of the form:

u(x) = e−I(x)

(∫
eI(x)Q (x) dx+ c

)
where : : �y�

I (x) =

∫
P (x) dx =

∫
x5dx =

1

6
x6.

so ¢n�¤

u(x) = e−
1
6
x6

(∫
e

1
6
x6 (−6x5

)
dx+ c

)
= e−

1
6
x6
(
−6e

1
6
x6

+ c
)

= ce−
1
6
x6 − 6

we have An§d�

y u−1/6 =⇒
(
ce−

1
6
x6 − 6

)−1/6

and c is a constant. . 
�A�  d� c ¤

6/6

(x) = y(x) =




